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Preface

Rivers, as part of the nature, have been a focus of human activities since the beginning
of civilization. Through engineering practices, such as flood control, water supply,
irrigation, drainage, channel design, river regulation, navigation improvement, power
generation, environment enhancement, and aquatic habitat protection, humans have
come to understand more about rivers and established basic principles and analytical
methodologies for river engineering. With the help of computation and information
techniques, numerical modeling of flow and sediment transport in rivers has improved
greatly in recent decades and been applied widely as a major research tool in solving
river engineering problems. These advances motivated me to write this book on the
physical principles, numerical methods, and engineering applications of computational
river dynamics.

Most of the topics included in this book have been the central theme of my research
work. I developed a simple 1-D quasi-steady sediment transport model for my bach-
elor’s degree in 1986, a width-averaged 2-D unsteady open-channel flow model in
my master’s thesis in 1988, and an integrated 1-D and depth-averaged 2-D sediment
transport model under quasi-steady flow conditions in my Ph.D. dissertation in 1991
at the Department of River Engineering, Wuhan University of Hydraulic and Electric
Engineering, China. In 1995-1997, I established a 3-D sediment transport model at
the Institute for Hydromechanics, University of Karlsruhe, supported by the Alexander
von Humboldt Foundation, Germany. Since 1997, I have revisited 1-D and 2-D mod-
els and developed a 1-D channel network model and a depth-averaged 2-D model for
unsteady flow and non-uniform sediment transport at the National Center for Com-
putational Hydroscience and Engineering, University of Mississippi, USA, through a
Specific Research Agreement between the USDA Agricultural Research Service and the
University of Mississippi. I have also reviewed sediment transport theories, established
several sediment transport formulas, and developed models for dam-break fluvial pro-
cesses, vegetation effects, cohesive sediment transport, and contaminant transport. All
these model developments and studies contributed to this book.

This book is intended primarily as a reference book for river scientists and engineers.
It is also useful for professionals in hydraulic, environmental, agricultural, and geo-
logical engineering. It can be used as a textbook for civil engineering students at the
graduate level.

My fascination with river engineering and computational river dynamics began
with my first supervisor, Prof. Jianheng Xie. Later I learned a great deal about tur-
bulence models and computational techniques in CFD from Prof. Wolfgang Rodi.
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Notations

Symbol Meaning

A Cross-sectional area of flow in |-D model

Ap Bed area at the cross-section

B Channel width at the water surface

b Flow width at height z in width-averaged 2-D model

C Depth-, width- or section-averaged suspended-load concentration
Contaminant concentration

Cq Drag coefficient of sediment particle or vegetation

Cy, G, G Concentrations of dissolved, sorbed, and total contaminants

Ch Chezy coefficient

G Depth- or cross-section-averaged concentration of total load

Cs Depth- or cross-section-averaged equilibrium suspended-load concentration

C Local sediment concentration

Chy Cbx Actual and equilibrium near-bed suspended-load concentrations

€0, Gy local and depth-averaged concentrations of vegetation

D Diameter of vegetation stem

Dy, Ep Near-bed deposition and entrainment fluxes of sediment

Dy, Dy, Dispersion fluxes of suspended load

Dy ny» Dyx; Dyy
d

dso

d

dm

- o

Fdi fa
Fu, Fs, Fp, ...
F

wx\;roq:h

Dispersion transports of momentum
Sediment diameter

Median diameter of sediment mixture
Sediment diameter of size class k
Arithmetic mean diameter of sediment

Drag forces on vegetation
Fluxes across cell faces
External force per unit volume
Coriolis coefficient
Gravitational acceleration
Flow depth

Vegetation height

Jacobian determinant
Conveyance of channel
Turbulent kinetic energy
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Symbol Meaning
ks Equivalent (effective) roughness height
Subscript k Sediment size class index
Associated with turbulent kinetic energy
L L Adaptation length of sediment
Im Mixing length
Nqg Vegetation density
n Manning roughness coefficient
Py Production of turbulence by shear
p Pressure
p’ Pressure correction
Pbk Bed-material gradation in mixing layer
b Porosity of sediment deposit
Q Flow discharge
Qb, Qb Actual and equilibrium bed-load transport rates
Qr, Qe Actual and equilibrium total-load transport rates
q Unit flow discharge
Qb Qb Actual and equilibrium unit bed-load transport rates
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Ax, Ay
Azp, AAp
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Side discharges of flow and sediment

Hydraulic radius of channel

Hydraulic radius of channel bed

Hydraulic radius of vegetated bed

Source term

Energy slope, friction slope

Temperature or transport stage number
Depth-averaged stresses

Time

Depth- or section-averaged flow velocity
Depth-averaged flow velocities in x- and y-directions
Width-averaged flow velocities in x- and z-directions
Critical average velocity for incipient motion
bed shear velocity

Bed-load velocities

Flow velocities in x;(x,y, z) directions

Flow velocities in &, (£, n, ¢) directions
Horizontal Cartesian coordinates

i-coordinate in the Cartesian coordinate system
Vertical coordinate above a datum (or bed)

Bed surface elevation

Water surface elevation

Adaptation coefficient of sediment

Direction cosines of bed-load movement
Correction factor for momentum

Correction factors for suspended and total loads
Wetted perimeter at the cross-section

Sand dune height

Area of the control volume centered at P

Time step

Grid spacings

Changes in bed elevation and area

Thickness of bed-load layer

Kronecker delta
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Symbol Meaning

Om Mixing layer thickness

8h, 6Q Increments of water stage and flow discharge
£ Dissipation rate of turbulent energy

&s Turbulent diffusivity of sediment

O Repose angle of sediment

y Specific weight of water and sediment mixture
Yf Vs Specific weights of water and sediment

K Von Karman constant

A Darcy-Weisbach friction factor

Wy V Dynamic and kinematic viscosities of water
Vg Turbulent or eddy viscosity

T Circumference-diameter ratio ~ 3.14159

C Shields number

O Critical Shields number

0, v Temporal, spatial weighting factors

0 Density of water and sediment mixture

P0 Density of flow density at water surface

Ob Density of water and sediment mixture at bed surface layer
0d Dry density of sediment deposit

Of> Ps Densities of water and sediment

o Schmidt number

T, T Shear stresses

Th, r,; Bed shear stress, grain shear stress

Tc Ceritical shear tress for incipient motion

Tee Critical shear stress for erosion

Ts Wind driving force at the water surface

s Sediment settling velocity

Wsf Floc settling velocity
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Introduction

1. OVERVIEW OF RIVER ENGINEERING

The origin of river engineering dates back to ancient times. According to historical
records, the Chinese began building levees along the Yellow River about six thou-
sand years ago. Approximately around the same period, irrigation systems and flood
control structures were constructed in Mesopotamia, and also some ten centuries
later in Egypt. During the Renaissance period, the observation of water flow and
sediment transport was carried out by the Italian artist and engineer Leonardo da
Vinci (1452-1519). Since then, scientists and engineers have performed a great num-
ber of studies on rivers, and constructed dams, levees, dikes, bridges, river training
works, navigation facilities, and water supply facilities along rivers. This section briefly
highlights the key issues in river engineering.

River dynamics

The study on the flow, sediment transport, and channel evolution processes in rivers
began centuries ago, but river dynamics emerged as a distinct discipline of science
and technology only after M. P. DuBoys established a bed-load formula in 1879 and
H. Rouse proposed a function for the vertical distribution of suspended sediment in
1937. River dynamics deals with river flow and sediment problems, such as turbu-
lent flow in alluvial channels, movable bed roughness, sediment settling, incipient
motion, transport, deposition, and erosion. River dynamics also incorporates the
study of fluvial processes, including river pattern classification, channel evolution
laws, and regime theory. It provides physical principles and analysis methods for river
engineering.

Flood control and mitigation

Flood is one of the biggest disasters rivers can cause. A river system is usually in
balance — to a certain degree — with the hydrological and geological conditions of its
basin. When the amount of runoff generated from uplands due to overwhelming rain-
fall exceeds the transport and storage capacity of the river system, the flow will overtop
or break banks and flood neighboring areas. Owing to thousands of years’ struggling
against flood threats, humans have developed many flood control technologies, such
as levees, river training works, storage areas, and diversion structures. Levees are one



2 Computational River Dynamics

of the major measures used to control flood in many rivers. River training works, such
as spur-dikes, weirs, and bank revetments, are often constructed to control the flow
and protect banks and levees. Flood storage areas, such as reservoirs, lakes, deten-
tion ponds, and floodplains, help detain the flood propagation speed and reduce the
peak of the flood. Diversion areas or channels are usually designated for emergency
purposes when flood threatens the safety of backbone structures and key areas. As a
new technology, flood forecasting and warning systems have been established in many
regions to mitigate the flood disaster.

Reservoir sedimentation

Sediment deposition reduces the storage capacity and life span of reservoirs. With
time, the deposition will extend upstream and submerge more land, while sediments,
especially coarse particles, will be detained by reservoirs, causing erosion in down-
stream channels. The deposition and erosion processes and the ultimate equilibrium
profiles in reservoirs and downstream channels are topics of concern. After reservoirs
reach equilibrium states, their efficiency in terms of flood control, power genera-
tion, and sediment detention may be significantly reduced, and then problems with
dam decommission and rehabilitation and their impacts on the environment become
important.

Sediment control in low-head hydro-projects

Low-head hydro-projects include low dams, sluice gates, spillways, power generation
facilities, water diversion structures, water intake structures, and navigation facili-
ties. Because the reservoirs formed by low dams are small, sediment transport and
morphological evolution in the reservoirs and downstream channels reach new equi-
librium states relatively quickly. The appropriate design of sluice gates, spillways, and
power generators can prevent coarse sediments from entering into turbines. In princi-
ple, navigation and water intake structures should be placed at locations such as the
outer bank of the channel bend where less sediment deposition occurs. Flows around
hydro-projects should be controlled with certain river training works. Sometimes it
may be necessary to dredge and flush the deposits.

River restoration

Because of the impact of human activities or the variation of natural environment con-
ditions, river systems change their forms through bed aggradation, degradation, and
bank migration. These changes may be undesirable. For example, channel meander-
ing and main flow displacement may cause land loss, bridge failure, levee breach, and
difficulty in water intake. Serious erosion and deposition may impair aquatic habi-
tats. Once adverse impacts occur, training, mitigation, and restoration are needed to
change river systems to more favorable stable states.

Protection of structure foundations

In-stream structures, such as bridge piers, abutments, spur-dikes, and weirs, change the
flow significantly and may induce considerable erosion. Erosion also occurs due to jet
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impingement at the downstream of sluice gates, spillways, and overfalls. Local erosion
is the major reason for the failures of many structures. Because of the complexity of the
processes involved, the prediction and prevention of local erosion around structures
are very challenging.

Sediment problems in estuaries

Morphodynamic processes under the actions of river runoff, tidal flow, and wave
currents in estuaries are extremely complex. A large amount of fine-grained cohesive
sediments coming from rivers are deposited in estuarine regions, forming mouth bars
and reducing the flow depth in navigation channels. Salinity intrusion intensifies the
deposition of cohesive sediments and affects the water quality. Fine-grained sediments
also enter harbors and cause significant deposition there. Training works and dredging
are necessary to maintain the navigation channels.

Watershed management

Water bodies, such as rivers, lakes, and reservoirs, receive water runoff and sediment
load from uplands. Serious erosion in the uplands increases the downstream sediment
load, causing sedimentation and reducing the storage and transport capacities of down-
stream river systems. Conversely, a reduction in the erosion of uplands decreases the
downstream sediment supply, causing channel degradation, headcutting, and bank
instability. Rational watershed management is essential for both uplands and river
systems.

Sediment-related environmental problems

Environmental quality is an important global issue. Wastes from industry and agricul-
ture impair not only the water quality, but also the sediment quality in the receiving
river systems. Sediments, especially clay and silt, are associated with the transport of
many pollutants. The impaired sediments also accumulate on the channel bed with
time, and later become a major source of pollution through resuspension.

1.2 ROLE OF COMPUTATIONAL SIMULATION
IN RIVER ENGINEERING ANALYSIS

River flow and sediment transport are among the most complex and least understood
processes or phenomena in nature. It is very difficult to find analytical solutions for
most problems in river engineering, and it is very tedious to obtain numerical solutions
without the help of high-speed computers. Therefore, before the 1970s, many river
engineering problems had to be solved through field investigations and laboratory
physical models (also called scale models). With the recent advancements in computer
technology, computational models have been greatly improved and widely applied to
solve real-life problems. One-dimensional (1-D) models have been used in short- and
long-term simulations of flow and sediment transport processes in rivers, reservoirs,
and estuaries. Two-dimensional (2-D) and three-dimensional (3-D) models have been
used to predict in more detail the morphodynamic processes under complex flow
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conditions in curved and braided channels and around river training works, bridge
piers, spur-dikes, and water intake structures.

Physical modeling and computational simulation are the two major tools used in
river engineering analysis. Both have their advantages and disadvantages. Physical
modeling can provide directly visible results, but it is expensive and time-consuming.
Because the flow, sediment transport, and bed change processes in rivers are very
complicated, it is difficult to ensure similarity between a physical model and its proto-
type. Errors may arise due to distortions of model scale and variations in experimental
environments such as temperature. Computational simulation gives direct, real-scale
predictions without any scale distortion and is cost-effective. However, the reliability
of computational simulation relies on how well the physical processes are mathemat-
ically described through governing equations, boundary conditions, and empirical
formulas; how accurately the differential governing equations are discretized using
numerical schemes; how effectively the discretized algebraic equations are solved using
direct or iterative solution methods; and whether the numerical solution procedures
are correctly coded using computer languages. If the mathematical description is unrea-
sonable, the numerical discretization incorrect, the solution method ineffective, or if
the computed code has bugs, the results from a numerical model cannot be trusted.
Because many empirical formulas are used to close the mathematical problems, the
applicability of computational simulation is still somehow limited. Before a numerical
model can be applied to a real-life project, it needs to be verified and validated using
analytical solutions and data measured in laboratories and fields.

To solve a real-life engineering problem correctly and effectively, the integration of
field investigation, physical modeling, and computational simulation is needed. Field
investigation is the first thing to do for a comprehensive understanding of the problem.
It provides the necessary hydrologic and sediment information on the study domain
and boundary conditions, which are required in both physical modeling and com-
putational simulation. It also provides data to calibrate physical and computational
models. If the study reach is not long, either physical modeling or computational sim-
ulation can be chosen to analyze the problem. The most cost-effective method is to use
physical models to study a few scenarios and collect enough data to calibrate compu-
tational models, and then use the calibrated computational models to analyze more
scenarios. If the study reach is too long, 1-D numerical models are often used in the
entire reach; they provide boundary conditions for 2-D and 3-D numerical models as
well as physical models for detailed analyses in important subreaches.

1.3 SCOPE, PROBLEMS, AND STRATEGIES
OF COMPUTATIONAL RIVER DYNAMICS

Computational river dynamics is a branch of computational fluid dynamics (CFD). It
solves river engineering problems using numerical methods. River flow is an incom-
pressible flow; therefore, many successful numerical methods developed in CFD can
be applied here. However, river flow has a free surface and movable bed, which make
computational river dynamics relatively complicated and difficult. Many assumptions
and empirical formulas must be used to close the mathematical systems, and the
approximate solutions sought may not be unique. Thus, computational river dynamics
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is an engineering science rather than applied mathematics. Not only must a successful
numerical modeler possess knowledge about numerical techniques, but he or she must
also have enough experience in river engineering.

In computational river dynamics, the flow, sediment transport, and morphological
change processes in rivers are described by a set of coupled, non-linear algebraic and
differential equations that usually cannot be solved in closed form. The analysis of
river morphodynamic phenomena thus requires an approximation process, the end
result of which is a field of discrete property values at a finite number of locations
(“points” or “nodes”) distributed over the study domain. The general procedure for
developing a computational model consists, essentially, of the following steps:

(1) Conceptualize the complicated physical phenomena of study, with the necessary
simplifications and assumptions that express our understanding of the nature
of the system and its behavior (e.g., dimensionality; steady, quasi-steady, or
unsteady; laminar or turbulent; subcritical, supercritical, or mixed; gradually
or rapidly varied flow; fixed or movable bed; bed load, suspended load, or total
load; low or high sediment concentration; uniform or multiple sediment sizes;
equilibrium or non-equilibrium transport; cohesive or non-cohesive; bank ero-
sion; channel meandering; contaminants; solution domain; initial and boundary
conditions);

(2) Describe the physical phenomena of study using a set of algebraic and differential
equations that are subject to the conservation laws of mass, momentum, and
energy;

(3) Divide the study domain into a mesh of points, finite volumes, or finite elements
corresponding to the used numerical methods;

(4) Discretize the differential equations to equivalent algebraic equations by introduc-
ing ‘trial functions’, held to approximate the exact solution locally;

(5) Solve the coupled algebraic equations, which are subject to case-specific boundary
conditions, using an iteration or elimination algorithm to find the property values
at the grid points, and

(6) Code the established solution procedures using computer languages, such as
FORTRAN, C, or C++, and package the model with a graphical user interface for
pre- and post-processing, if possible.

The major problems in computational river dynamics include:

(1) Adequacy of the (simplified) conceptual models representing the complicated real
system and its behavior;

(2) Realism of the mathematical models describing the complex hydrodynamic and

morphodynamic processes that cannot be represented exactly (e.g., turbulence,

bed roughness, and the interaction between flow and sediment), and reliability of

the empirical formulas used to close the mathematical systems;

Ability to generate adequate meshes over complex domains;

Accuracy and consistency of numerical approximations;

Numerical stability and computational efficiency of solution methods;

Correctness of computer coding, and

EEEND
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(7)

Reliability of numerical solutions and applicability of computational models in
different situations.

To insure the quality of the simulation results, a computational model of flow and
sediment transport should be verified and validated before application in solving real-
life problems. Model verification and validation usually follow three steps (Wang and
Wu, 2005):

(1)

Verification by Analytic Solutions. The agreement between analytic and numeri-
cal solutions certifies the correctness of the mathematical formulation, numerical
methods, and computer programming. It can also determine errors of numerical
solution quantitatively.

Validation by Laboratory Experiments. Because laboratory experiments con-
ducted in controlled environments can eliminate many unnecessary complications,
the numerical model should be able to reproduce the same physical phenomena
measured in laboratories.

Validation by Field Measurements. One portion of the field data should be used
to calibrate the physical parameters in the model, and the remaining data can
be used to determine whether the computational model can simulate the real-life
problem. Researchers must realize that the numerical results may only approx-
imately agree with the measured data, because the computational model only
represents a simplified version of the physical processes in natural rivers. How-
ever, the realistic trend of spatial and temporal variations should be predicted
correctly.

The application of a computational model to the solution of a real-life problem
involves the following five major tasks:

(1)

Data Preparation. Data should be collected and analyzed to understand the phys-
ical processes of study, determine initial and boundary conditions, estimate model
parameters, and calibrate the model. The required data should include, but are
not limited to, geomorphic, hydrological, hydraulic, and sediment information,
largely depending on the model used and the study case. They can be obtained via
in-situ field survey and from historical records.

Estimation of Model Parameters. Model parameters can be classified as numerical
and physical. Numerical parameters, such as time step, grid spacing, number of
size classes, and relaxation coefficient, result from numerical discretization and
solution methods. They should be determined by considering the accuracy the
study problem requires and the stability of the numerical schemes used. Phys-
ical parameters can be subdivided into two groups. One group represents the
physical properties of water and sediment, such as water density, viscosity, sedi-
ment density, particle size, particle shape factor, and bed-material porosity. These
physical properties can be measured. The other group results from the concep-
tualization of physical processes and represents the characteristics of flow and
sediment transport, including channel roughness coefficient, sediment transport
capacity, sediment adaptation length, and mixing layer thickness. These physical
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process parameters are often calibrated using measured data or determined using
empirical formulas.

(3) Model Calibration. The computational model should be calibrated using the avail-
able data measured in the study reach to insure that the aforementioned parameters
are estimated correctly, that the empirical formulas are chosen appropriately, and
that the observed physical processes are generally well reproduced by the model.
The calibrated model can then be applied to predict the physical processes in
various scenarios.

(4) Interpretation of Simulation Results. Because sediment transport models are
highly empirical and the model development and application processes are not
infallible, engineering judgment should be used in the interpretation of simu-
lation results. Consulting with model developers, senior scientists, and local
engineers who are familiar with the study channel can enhance confidence in
the end results. In addition, efficiently grouping important results using attrac-
tive graphs and tables permits an easy understanding and communication among
model developers, users, and report readers.

(5) Analysis of Uncertainties. Sources of uncertainties include model conceptualiza-
tion, boundary conditions, model parameters, and data. Uncertainties may be
reduced by using a more adequate model, selecting appropriate boundary condi-
tions, calibrating model parameters carefully, and collecting more reliable data.
Sensitivity analysis and stochastic modeling may also be conducted to resolve
uncertainties.

As described above, the development and application of a computational model
is a long process consisting of many steps. The accuracy and reliability of the end
results rely on manipulations at every step. The developer should approximate the
physical processes reasonably via the mathematical model, derive and code the numer-
ical discretization and solution methods correctly, and verify and validate the model
thoroughly. The user should prepare the data carefully, estimate model parameters
correctly, necessarily calibrate the model, reasonably interpret results, and consider
possible uncertainties.

1.4 CLASSIFICATION OF FLOW AND SEDIMENT
TRANSPORT MODELS

Flow and sediment transport models can be classified in various ways, as described
below.

According to their dimensionality, flow and sediment transport models are classified
as 1-D, vertical 2-D, horizontal 2-D, and 3-D. Flow and sediment transport in natural
rivers are usually 3-D phenomena, which should be more realistically simulated using
3-D models. However, 3-D models are more time-consuming. Therefore, 1-D and
2-D models have been established via simplifications, such as section-, depth-, and
width-averaging, to achieve feasible solutions in engineering practices. 1-D models
study the longitudinal profiles of the cross-section-averaged properties of flow and
sediment transport in rivers. The vertical 2-D models, which may be idealized or
width-averaged, study the (width-averaged) properties of flow and sediment transport



8 Computational River Dynamics

in the longitudinal section. Because of the complexity of channel geometries, the width-
averaged 2-D models are preferable to the idealized vertical 2-D models in natural
situations. The horizontal 2-D models, which also are often called depth-averaged
2-D models, study the horizontal distributions of the depth-averaged quantities of
flow and sediment. 1-D models are widely applied in the simulation of long-term
sedimentation processes in long channels, 3-D models are often used in local fields
with strong 3-D features, and 2-D models are in between them.

Based on flow states, flow and sediment transport models are often categorized as
steady, quasi-steady, or unsteady. Steady models do not include the time-derivative
terms in flow and sediment transport equations, but consider temporal changes in
bed elevation and bed-material gradation. Quasi-steady models divide an unsteady
hydrograph into many time intervals, each of which is represented by a steady flow
discharge. Quasi-steady models are often used in the simulation of long-term fluvial
processes in rivers, but they cannot be used in cases with strong unsteadiness, such as
tidal flow in estuaries and flash floods in small watersheds. Unsteady models are more
general and can be used to simulate unsteady fluvial processes as well as steady and
quasi-steady processes.

As for the number of sediment size classes simulated, sediment transport models can
be uniform (single-sized) or non-uniform (multiple-sized). Uniform sediment models
represent the entire sediment mixture using a single-sized class, whereas non-uniform
sediment models divide the sediment mixture into a number of size classes and study
the behavior of each size class. Because sediments in natural rivers are usually non-
uniform in size and experience interaction among different size classes, non-uniform
sediment models are more realistic.

In accordance with sediment transport modes, sediment transport models are often
grouped as bed-load, suspended-load, and total-load models. Many early developed
models considered only bed-load or suspended-load transport. Because sediment may
change from bed load to suspended load or vice versa depending on flow conditions,
total-load models are more preferable.

Based upon sediment transport states, sediment transport models are classified as
equilibrium (saturated) and non-equilibrium (unsaturated). In many of the early mod-
els, it is assumed that the actual sediment transport rate is equal to the capacity of
flow carrying sediment at equilibrium conditions at each computational point (cross-
section or vertical line). The models based on this local equilibrium assumption are
called equilibrium transport models. However, alluvial river systems always change in
time and space due to many reasons; therefore, absolute equilibrium states rarely exist
in natural conditions. The local equilibrium assumption is not realistic, particularly
in cases of strong erosion and deposition. Non-equilibrium sediment transport mod-
els renounce this assumption and adopt transport equations to determine the actual
bed-load and suspended-load transport rates. Non-equilibrium transport models are
being more widely applied in river engineering these days.

In terms of numerical methods, flow and sediment transport models are categorized
as finite difference, finite volume, finite element, finite analytic, or efficient element
models. Since each of these numerical methods has its advantages and disadvantages,
numerical models based on all them exist in the literature. The choice of a specific
model depends on the nature of the problem, the experience of the modeler, and the
capacity of the computer being used.
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Depending on the calculation procedure, flow and sediment transport models can be
classified as fully decoupled, semi-coupled, or fully coupled. Fully decoupled models
ignore the influence of sediment transport and bed change on the flow field by assuming
a low sediment concentration and a small bed change, and calculate the flow and
sediment transport separately at each time step. Fully coupled models compute all
the flow and sediment quantities simultaneously. Semi-coupled models calculate some
quantities in coupled form and the others separately. For example, flow and sediment
modules may be decoupled, whereas sediment transport, bed change, and bed material
sorting in the sediment module may be coupled. Because flow, sediment, and bed
material always interact with each other in an alluvial river system, fully coupled
models are more general and physically reasonable, whereas the applicability of fully
decoupled and semi-coupled models is limited. However, coupled models are more
sophisticated and may require more computational effort than decoupled models. In
addition, the results from decoupled models may be justified due to the difference in
time scales of flow and sediment transport and the use of empirical formulas for bed
roughness and sediment transport capacity. Fully decoupled and semi-coupled models
are still used by many investigators.

Depending on how to conceptualize sediment, sediment transport models can be
discerned as particulate and continuous-medium models. Particulate models treat sed-
iment as a group of particulate entities and describe the movement of single particles,
whereas continuous-medium models assume sediment as a kind of pseudo-continuous
medium. The assumption of continuous-medium models is only valid when the char-
acteristic size of the sediment particles is much shorter than the characteristic length
of the processes of study and the volume under consideration has enough sediment
particles. Apparently, particulate models are not limited in this way. From a strictly
theoretical point of view, particulate models should be preferred. However, because of
the limitations of computer capacity, considerable difficulties are encountered in the
simulation of the behavior of millions or even billions of irregularly shaped particles
that may collide randomly. In reality, particulate models are only feasible when the
sediment concentration is extremely low. Therefore, continuous-medium models are
more widely applied in the study of sediment transport in rivers. A typical continuous-
medium model is the diffusion model that is most often used for suspended-load
transport.

1.5 COVERAGE AND FEATURES OF THIS BOOK

The subjects of this book include physical principles, numerical methods, model clo-
sures, and application examples in computational river dynamics. It is organized into
twelve chapters.

Chapter 1 provides a general overview of computational river dynamics and the
arrangement of this book. Chapter 2 introduces the mathematical descriptions of
flow, sediment transport, and morphological change processes in rivers. Chapter 3
presents the fundamentals of sediment transport. Chapter 4 introduces the numerical
techniques widely used to solve open-channel flows with sediment transport, such as
the finite difference method and the finite volume method. These methods are applied
and extended in the remaining chapters of this book. Chapter 5 describes the 1-D
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modeling approaches that are widely used in computational river dynamics. Chapter 6
explains the depth-averaged and width-averaged 2-D models for flow and sediment
transport. It also includes a discussion of the enhancement of the depth-averaged 2-D
model in order to take the effects of secondary flows in curved channels into account.
Chapter 7 illustrates the 3-D modeling approaches for turbulent flow, general sediment
transport in rivers, and local scour around in-stream hydraulic structures. Chapter 8
covers the general techniques used to integrate and couple various models, such as
domain decomposition; the coupling of 1-D, 2-D, and 3-D channel models; and the
integration of channel and watershed models. Chapters 9—12 introduce several special
topics related to river engineering, such as dam-break fluvial processes, vegetation
effects on fluvial processes, cohesive sediment transport, and contaminant transport.

This book is one of the first to present a complete picture of the physical principles
and numerical methods used in computational river dynamics. It covers the funda-
mentals of flow and sediment transport in rivers, including many newly developed
non-uniform sediment transport formulas. It is unique in presenting multidimen-
sional numerical models, including 1-D, depth-averaged 2-D, width-averaged 2-D, and
3-D models, as well as integration and coupling of these models. It introduces many
recently developed numerical methods for solving open-channel flows, such as the
SIMPLE(C) algorithms with Rhie and Chow’s momentum interpolation method on
non-staggered grids, the projection method, and the extended stream function and
vorticity method. It presents state-of-the-art sediment transport modeling approaches,
such as non-equilibrium transport models, non-uniform total-load transport mod-
els, and semi-coupled and coupled procedures for flow and sediment calculations.
It includes many engineering applications, such as reservoir sedimentation, channel
erosion (due to dam construction), channel widening and meandering, local scour
around in-stream hydraulic structures, vegetation effects on channel morphodynamic
processes, and cohesive sediment transport.



Chapter 2

Mathematical description of flow
and sediment transport

This chapter presents a mathematical basis for computational river dynamics,
including definition of water and sediment properties, sediment diffusion the-
ory, Reynolds-averaged flow and sediment transport equations and their
turbulence closures, derivation of 1-D and 2-D model equations from 3-D model
equations, formulation of equilibrium and non-equilibrium sediment transport mod-
els, and equations of non-uniform sediment transport and bed material sorting.

2.1 PROPERTIES OF WATER AND SEDIMENT
2.1.1 Properties of water

Density and specific weight of water
Water density, pf, is the mass of water per unit volume, often in kg - m~3 (kilograms
per cubic meter) in the international unit (SI) system. It is 1,000 kg-m~3 at 4°C and
varies slightly with temperature, as shown in Table 2.1.

The specific weight of water, yy, is the weight of water per unit volume, often in

N-m~3 (Newtons per cubic meter). It is related to the water density by
Yf = P8 (2.1)

where g is the gravitational acceleration and equals about 9.80665 m-s~2 (

square second).

meters per

Viscosity of water

Water deforms under the action of shear. The dynamic viscosity of water, wu, is the
constant of proportionality relating the shear stress, 7, to the deformation rate, du/dz,
as follows:

du

T=ny (2.2)

where u is the flow velocity, and z is the coordinate normal to the flow direction.
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Table 2.1 Density and viscosity of water

Temperature (°C) Density (kg-m~3)  Dynamic viscosity (N-s-m~2)  Kinematic viscosity (m*s~")
0 1000 1.79 x 1073 1.79 x 10~¢
5 1000 151 x 1073 151 x 1076
10 1000 131 x 1073 1.31 x 107¢
15 999 .14 x 1073 I.14x 10-¢
20 998 1.00 x 103 1.00 x 10~¢
25 997 891 x 1074 8.94 x 1077
30 996 7.97 x 107* 8.00 x 1077
35 994 7.20 x 1074 7.25 x 1077
40 992 6.53 x 1074 6.58 x 107

The kinematic viscosity of water, v, is the ratio of the dynamic viscosity to the
water density:

=1 (2.3)

The units often used for viscosities 2 and v are N-s-m~2 and m?s~!, respectively.

Water viscosity is directly related to molecular interactions. It decreases as water
temperature increases, as shown in Table 2.1. For common temperatures in rivers, the
kinematic viscosity can be approximated by

v = (1.785 — 0.0584T + 0.00116T% — 0.0000102T3) x 10 °m?s~!  (2.4)

where T is the temperature in °C (degrees Celsius).

2.1.2 Properties of sediment
2.1.2.1 Physical properties of single particles

Density and specific weight of sediment

Sediment density, ps, is the mass of sediment per unit volume, often in kg-m™3.

It depends on the material of sediment. The density of quartz particles is about
2,650 kg - m~3 and does not vary significantly with temperature. In most natural rivers,
the density of sediment can be assumed to be constant.

The specific weight of sediment, y, is the weight of sediment per unit volume, often
in N-m~3. It is related to the sediment density by

Vs = psg (2.5)

Due to the buoyancy effect, the specific weight of sediment particles submerged in
water is lighter than the actual specific weight exposed to air. According to Archimedes’
principle, the specific weight of submerged sediment is the difference between the
specific weights of sediment and water, ys — yy.
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The specific gravity of sediment, G, is the ratio of the specific weights of sediment
and water at a standard reference temperature that is commonly set at 4°C. The specific
gravity of quartz particles is

G=Y_P _1565 (2.6)

v ey

Particle size and grade scale

Sediment particle size may be represented by nominal diameter, sieve diameter, and
fall diameter. The nominal diameter, d, is defined as the diameter of a sphere that has
the same volume as the given particle, i.e.,

6V
b4

d= (2.7)

where V is the volume of the sediment particle, and 7 is the circumference-diameter
ratio (*3.14159). The SI units often used for sediment size are mm (millimeters) and
m (meters).

A sediment particle may be considered as an ellipsoid. Denote a, b, and c¢ as its
diameters in the longest, the intermediate, and the shortest mutually perpendicular
axes, respectively. Thus, as an approximation, the particle volume may be estimated
as V ~ wabc/6, and then substituting this formula into Eq. (2.7) yields the following
relation for the nominal diameter:

d ~ ~abc (2.8)

The sieve diameter is the length of the side of a square sieve opening through which
the given particle will just pass. It is approximately equal to the intermediate diameter
b. The sieve diameter is slightly smaller than the nominal diameter. For naturally worn
sediment particles over the range of about 0.2 to 20 mm, the sieve diameter is approxi-
mately 0.9 times the nominal diameter on average (U. S. Interagency Committee, 1957,
Raudkivi, 1990).

The standard fall diameter is the diameter of a sphere that has a specific gravity
of 2.65 and has the same terminal settling velocity as the given particle in quiescent,
distilled water at a temperature of 24°C.

Sediment size may be measured by calipers, by optical methods, by photographic
methods, by sieving, or by sedimentation methods (Vanoni, 1975; Simons and Senturk,
1992). For coarse particles, such as boulders, cobbles, and coarse gravel, size may be
determined by direct measurement of the volume or the diameters a, b, and ¢ in
the longest, the intermediate, and the shortest axes, which are usually converted to
the nominal diameter by Eq. (2.7) or (2.8). For fine gravel and sand, size may be
determined by sieving or visual accumulation tube. For silt and clay, size is measured
by hydraulic settling methods, such as the pipet method, bottom withdrawal method,
and hydrometer method. The fall diameter is often obtained by these methods for silt
and clay.
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Table 2.2 Sediment grade scale

Class Size range (mm) Class Size range (mm)

Very large boulders 4,000-2,000 Very coarse sand 2-1

Large boulders 2,000-1,000 Coarse sand 1-0.5

Medium boulders 1,000-500 Medium sand 0.5-0.25

Small boulders 500-250 Fine sand 0.25-0.125
Very fine sand 0.125-0.062

Large cobbles 250-130 Coarse silt 0.062-0.031

Small cobbles 130-64 Medium silt 0.031-0.016
Fine silt 0.016-0.008

Very coarse gravel 64-32 Very fine silt 0.008-0.004

Coarse gravel 32-16 Coarse clay 0.004-0.002

Medium gravel 16-8 Medium clay 0.002-0.001

Fine gravel 84 Fine clay 0.001-0.0005

Very fine gravel 4-2 Very fine clay 0.0005-0.00024

The aforementioned boulders, cobbles, gravel, sand, silt, and clay are classi-
fied based on the grade scale listed in Table 2.2, which is commonly used in river
engineering. Each class may be further divided into several subclasses.

Shape factor

The shape of sediment particles in natural rivers is very irregular. It is often described
by the Corey shape factor:

(2.9)

The Corey shape factor of naturally worn particles is usually about 0.7.

2.1.2.2 Bulk properties of sediment mixtures

Size distribution

A mixture that consists of sediment particles with non-uniform sizes can be represented
by a suitable number of size classes. Each size class, numbered as k, is defined by the
lower and upper bound diameters and represented by a characteristic diameter, dj,. If
the lower and upper bound diameters of size class k are denoted as dj, and d,,;, the
characteristic diameter may be determined using d, = /dpd,., dr = (dy + d)/2,
ordp = (dj + dyp + Vdidyr) /3.

The fraction, py, of each size class is the ratio of its weight (volume or number) to
the total weight (volume or number) of the mixture, ranging from 0 to 1. It should be
noted that p;, is also often defined by percent, ranging from 0 to 100.

The size distribution (composition, gradation) of a sediment mixture can be mea-
sured by sieving analysis. It is often represented by the frequency histogram (pyramid)
and cumulative size frequency curve. The histogram is constructed by plotting the sizes
representing size class intervals on the abscissa and the actual percent (by weight, vol-
ume or number) of the total sample contained in each size class on the ordinate, as
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Figure 2.1 Size distribution: (a) histogram and (b) cumulative frequency curve.

shown in Fig. 2.1(a). The cumulative size frequency curve shows the percent of mate-
rial finer than a given sediment size in the total sample, as shown in Fig. 2.1(b). For a
sediment mixture with a normal size distribution, the cumulative size frequency curve
is a straight line on the normal probability paper.

Characteristic diameters

The median diameter, dso, is the particle size at which 50% by weight of the sample
is finer. Likewise, d1g and dog are the particle sizes at which 10% and 90% by weight
of the sample are finer, respectively. The diameters d1¢, dso, and dog can be read from
the cumulative size frequency curve, as shown in Fig. 2.1(b).

The arithmetic mean diameter is determined by

N
dm =Y prdi/100 (2.10)
k=1

where p;, is by percent, and N is the total number of size classes.
The geometric mean diameter is given by

dg = db/100 . g /100 /100 (2.11)

Uniformity

The uniformity of a sediment mixture can be described by the standard deviation:

dsar "
== 2.12
% (d15.9 ) (212
or the gradation coefficient:
dsa1 | dso

1
Gr==|—+-—"— 2.13
) < dso d15.9> (2:13)
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where di5.9 and dg4.1 are the particle sizes at which 15.9% and 84.1% by weight of
the sample are finer, respectively. For a normal size distribution, oy = dg4.1/ds0 =
dso/d1s.9.

Kramer (1935) defined a uniformity parameter as the ratio of the mean sizes of the
two portions in the cumulative size frequency curve separated by dso:

50 100
M= pede [ Y pede (2.14)
Ak=0 =50

where Ay, is the cumulative percentage of sediment finer than size dj.
For uniform sediment, M = 1. A smaller value of M corresponds to a more non-
uniform sediment mixture.

Porosity and dry density

A sediment deposit is a porous material and has voids among solid particles. Its
porosity, p,,, is a measure of the volume of voids per unit volume of the deposit:

i VU

= — 2.15
Vo= v (2.15)

where V,, and V; are the volumes of voids and solids, respectively.
The dry density, pg, and dry specific weight, y,, of a sediment deposit are the mass
and weight of the solids per unit total volume. They are related to the porosity by

pa=ps(L=p,), va=y1—=p,) (2.16)

Han et al. (1981) proposed the following semi-empirical formula to calculate the
initial porosity of a uniform sediment deposit:

1-0.525 (Lf d<1mm
Dy = d+45 (2.17)

0.3+ 0.175¢70:095(d=do)/do > 1 mm

where d is the sediment size in mm; dj is a reference size, set to be 1 mm; and &1 is
the thickness of the water film attaching to sediment particles, given a value of about
0.0004 mm.

In a non-uniform sediment deposit, fine particles probably fill the voids among
coarse particles. Han et al. (1981) investigated this filling phenomenon and proposed
a method for the overall porosity of the deposit. However, their method is relatively
complicated and inconvenient to use. If a sediment deposit is composed of only fine
particles or if its size range is narrow, the filling phenomenon is negligible and the
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overall porosity can be calculated using the Colby (1963) method:

N
= lei’e (2.18)

where py is the fraction of the kth size class in the sediment deposit; and p) , is the
porosity of size class k, which can be calculated using Eq. (2.17) or another method.

Komura (1963) proposed an empirical formula for the initial porosity of a sediment
deposit:

0.0864

=0245 4+ —— -
Pim + (0_1d50)0.21

(2.19)

where dsg is the median diameter of the deposit (mm).

Wu and Wang (2006) revalidated the Komura formula (2.19) using extensive
laboratory and field data, as shown in Fig. 2.2. It can be seen that the Komura formula
is quite close to the trend of the data set, slightly underestimating the dry density for
sand and gravel and overestimating it for silt and coarse clay. The Han et al. formula
has more errors. A more accurate curve was obtained in Fig. 2.2 and expressed as

0.21

2013
P + s +0.002)021

(2.20)

where dsg is in mm.

In addition, the porosity and dry density of a fine-grained sediment deposit may
vary with deposit depth and residence time due to consolidation. This is discussed in
Section 11.1.6.
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Figure 2.2 Initial dry density of deposit as function of median diameter (Wu and Wang, 2006).
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Repose angle

The repose angle is the angle, with respect to the horizontal, of the slope formed by
sediment particles submerged in water under incipient sliding conditions. According
to laboratory experiments by Tianjing University (see Zhang et al., 1989), the repose
angle, ¢,, is related with sediment size as follows:

¢r=32.5+1.27d (2.21)

where ¢, is in degrees, and d is in mm. Eq. (2.21) was calibrated using the data in the
sediment size range between 0.2 and 4.4 mm.

The repose angle is also related to other properties of sediment particles, such as
density, shape, gradation, compaction, and material. It may range from 30° to 42°
for non-cohesive sediment particles. More discussion on the repose angles of various
sediments can be found in Simons and Senturk (1992).

2.1.2.3 Definition of sediment loads

All sediment particles moving with flowing water are called total load. The total load
can be divided into bed load and suspended load as per sediment transport mode or
bed-material load and wash load as per sediment source, as depicted in Fig. 2.3.

Wash load

Elevation

Coarse - Fine

Particle size

Figure 2.3 Definition of sediment loads.

The bed load consists of sediment particles that slide, roll, or saltate in the layer
several particle sizes above the bed surface. It usually accounts for 5-25% of the total
load for fine particles and more for coarse particles in natural rivers.

The suspended load is composed of sediment particles that move in suspension in
the water column above the bed-load layer. Its weight is continuously supported by the
turbulence of flow.

The bed-material load is made up of moving sediment particles that are found in
appreciable quantities in the channel bed. It constantly exchanges with the bed material
and has significant contribution to the channel morphology.
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The wash load is comprised of moving sediment particles that are derived from
upstream sources other than the channel bed. It is not found in appreciable quantities
in the bed. It is finer than the bed-material load and rarely exchanges with the bed
material. Einstein (1950) defined wash load as the grain size of which 10% of the
bed material mixture is finer.

It should be noted that the definition of wash load and bed-material load depends
on flow and sediment conditions. Some wash load in upstream channels may become
bed-material load in downstream channels due to the weakening of flow strength.
Some sediment particles are wash load in the main channel but may be bed-material
load in flood plains.

By definition, the bed-material load is the sum of bed load and suspended load. So
is the wash load. However, the wash load consists of fine particles that move mainly
in suspension, and thus dividing it into bed load and suspended load does not make
much sense in practice.

2.1.3 Properties of the water and sediment mixture

Fig. 2.4 shows a sketch of a mixture consisting of a volume of water, V,,, and a
volume of sediment, V. It is termed as “mixture” for short. Sediment concentration is
defined as

= Vs o Vs (2.22)
Vi + Vs VfVu/ + ¥s Vs

where c is the concentration by volume, and ¢ is the concentration by weight (mass).
They are related by ¢ = Gc¢/[1 + (G — 1)c]. Both them are unitless. In addition,
sediment concentration is sometimes given by weight or mass per unit volume of the
mixture (N-m~3 or kg - m~3), which is obtained by ysc or psc. It is also given in parts
per million by weight (ppm), which is equivalent to 10°¢.

Note that the volumetric sediment concentration c is used in this book, except where
stated otherwise.

2 @
/‘\ o
@,

Figure 2.4 Sketch of the water and sediment mixture.
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The density of the mixture, p, is determined by
p=pr(1—c)+ psc (2.23)

and the specific weight of the mixture is correspondingly given by y = pg.
The velocity of the mixture, #;, is defined as

1
u; = ;[Pf(l — Oug; + pscig] (2.24)

where uy; is the i-component of water velocity, #g; is the i-component of sediment
velocity, and i denotes three spatial directions (= 1,2, 3).

2.2 GOVERNING EQUATIONS OF WATER AND SEDIMENT
TWO-PHASE FLOW

Because the stochastically averaged properties of a group of sediment particles are
mainly concerned in river engineering, sediment is often assumed to be a kind of
continuous medium. Two mathematical models can be used to describe the water
and sediment two-phase flow based on this assumption. One is the two-fluid model
that considers water and sediment as two fluids and establishes the continuity and
momentum equations for each phase. The other is the diffusion model that consid-
ers the movement of sediment particles as a phenomenon of diffusion in the water
flow and hence establishes the continuity and momentum equations for the water-
sediment mixture and the transport (diffusion) equation for sediment particles. The
two-fluid model is more general, from which the diffusion model can be derived, as
described by Wu and Wang (2000). Detailed discussions on the two-fluid model can
also be found in Soo (1967), Ni et al. (1991), Liu (1993), and Greimann and Holly
(2001). However, the two-fluid model is not introduced here because it is quite com-
plex. The flow and sediment transport equations used in this book are based on the
diffusion model.

2.2.1 Hydrodynamic equations

Applying the mass and momentum conservation laws leads to the continuity and
momentum equations for the instantaneous movement of the water-sediment mixture.
These equations are written in Cartesian tensor notations as follows:

B dpm) _
ot ax;

d(pu; d(pu;u; 0 oTj;
(pu;) T (ou; /) —F — l n oTjj
ot 0x; 0x; 0x;

0 (2.25)

(2.26)

where ¢ is the time; x; is the i-coordinate in the Cartesian coordinate system; p is the
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pressure of the mixture; 7;; (7,7 = 1, 2, 3) are the stresses of the mixture; and F; is the
i-component of the external force on the mixture, such as gravity.

Note that the spatial direction indices i and j are subject to Einstein’s summation
convention: Subscript (or superscript) repeated twice in any product or quotient of
terms is summed over the entire range of values of that subscript (or superscript). For
example, a,‘,‘bi = Z;:l a,‘jb,‘ = aj1 bl + a,‘zbz + algbg in the 3-D system.

According to numerous experimental studies, the water-sediment mixture with low
sediment concentration (less than about 200 kg-m~3) is a kind of Newtonian fluid,
the constitutive relation of which is given by the Navier-Poisson law:

5 = 204Dy — > Dy 2.27)
where 1, is the dynamic viscosity of the mixture; Dj; is the tensor of deformation rate,
defined as D;; = (du;/dx; + du;/dx;)/2; and §;; is the Kronecker delta, with §; = 1
when i =j and §; = 0 when i # /.

When the sediment concentration is high, the mixture becomes a non-Newtonian
fluid, such as Bingham fluid. The relation between shear stress and deformation rate
for the one-directional shear flow of Bingham fluid is written as

d
T3 =18+ nd—;’ (2.28)

where 713 is the shear stress, 7p is the yield stress, and 7 is the plastic viscosity.
Extending Eq. (2.28) to the multi-directional shear flow yields the general constitu-
tive relation of Bingham fluid (Prager, 1961; Wu and Wang, 2000):

T 1
T = (zum + 111/32) (Di, - 3Dkkaij> (2.29)
2

where I, = %(D,‘,»D,»,‘ - %Dﬁk), and w,, is 7.

The single-directional shear flow field can be divided into two zones by 713 > tp and
713 < 18- Eq. (2.28) is only applicable to the zone of 713 > tp. Similarly, Eq. (2.29) is
valid in the zone of t;7;; > Zré for the multi-directional shear flow.

2.2.2 Sediment transport equation

Sediment transport is governed by the following mass balance equation:

ac 4 d(ug;c) _

— 0 (2.30)
ot 0x;

Because the sediment velocity #; is not a dependent variable in the diffusion model,
Eq. (2.30) is rewritten as

dc  d(uic) 0
Y + ax; = _aixi[(usz —u;) c] (2.31)
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where ug; —u; is the “diffusion” velocity of sediment in the mixture. It can be related to
the interphase velocity difference ug; — ug; by us; —u; = —pr(1 — ¢)(us; — us;)/ p, based
on Eq. (2.24). Wu and Wang (2000) derived a differential equation for the interphase
velocity difference #s; — ug; from the momentum equations of the two-fluid model,
but the derived equation is complex and inconvenient to use. For fine sediments, the
particle inertia or the lag between (local) flow and sediment movement is very small,
and nearly no relative motion exists except for the settling due to gravity; thus, the
following relation is assumed:

Usi — Ui = —W5u3; (2.32)

where wg,, the settling velocity of sediment particles in the water-sediment mix-
ture, and the subscript “3” in §3; denotes the vertical direction defined by
gravity.

Substituting Eq. (2.32) into the sediment transport equation (2.31) yields the closed
sediment transport equation:

dc  d(ujc) d
— = — 83i 2.33
T ox; ox; (Ws11€837) ( )

2.2.3 Simplification in the case of low sediment
concentration

If the sediment concentration is low, p &~ p; & constant, 1 — ¢ ~ 1, wm ~ u,
and wg;, is close to ws, the settling velocity of a single particle in clear water. Then
the continuity equation (2.25) and momentum equation (2.26) of the mixture can be
simplified to

ou;

=0 (2.34)
3x1‘

dui | duiu)) = 1F1_13l+lafij (2.35)

ot 0x; P pox;  p ox;

and the constitutive relation (2.27) of Newtonian fluid can be written as
3%,‘ 314,'

i = —+ — 2.36
i H <8x,— + 8x,—> ( )

Substituting Eq. (2.36) into Eq. (2.35) leads to the following Navier-Stokes equation
widely used in the single-phase fluid mechanics for laminar flows or instantaneous
motions of turbulent flows:

duj | d(wn) 1F 18 wn 8%u;

1

k2 0x; 0 p 0x; ; 0x;0x;

(2.37)
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The sediment transport equation (2.33) can be further simplified to

oc  d(uic) 0
— = — 83 2.
9z + ox; 9x; (wscd3)) (2.38)

In principle, Eq. (2.38) is applicable only for fine sediments and low concentrations
(see Greimann and Holly, 2001). It is commonly accepted that if the sediment size is
finer than 1 mm and the sediment concentration is lower than 0.1 by volume, Eq. (2.38)
can be approximately used.

In summary, the water and sediment two-phase flow model in the case of low sedi-
ment concentration can be simplified to the model of clear water flow with sediment
transport. Because the sediment concentration usually is not high in most natural
rivers, the simplified diffusion model has been widely adopted in river dynamics.

2.3 TIME-AVERAGED MODELS OF TURBULENT FLOW
AND SEDIMENT TRANSPORT

2.3.1 Mean movement equations

Egs. (2.34), (2.37), and (2.38), which are the exact equations for instantaneous
motions of flow and sediment, cannot be solved directly in most cases, because of
limited computer capacity. Since engineers usually are not interested in the details of the
turbulent fluctuating motions, how to describe and solve the mean motions of turbulent
flow is important in practice. As suggested by Osborne Reynolds, the instantaneous
quantity of a variable ¢ can be divided into mean and fluctuating quantities as

p=0¢+¢ (2.39)

where “—” denotes the mean quantity, and “’” denotes the fluctuating quantity. The
mean quantity is defined as

_ 1 t+T
P= / o dr (2.40)
t

where T is the time period considered, which should be much longer than the
fluctuation period of turbulence, as shown in Fig. 2.5.
The fluctuating quantity satisfies

1 t+T
@) = ?f ¢ dr =0 (2.41)
t

Reynolds-averaging Egs. (2.34), (2.37), and (2.38) yields the mean continuity and
momentum equations of flow and the mean transport equation of sediment:
dit;

= 2.42
3%; 0 (2.42)
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Figure 2.5 Reynolds’ time-averaging procedure.

ou; d(ujuy) 11_3 1 0p © 0%, B Bu;u;

= -F--= (2.43)
ot 0x; P pox;  p Ox;ox; 0x;
¢ o) 9 dulc
— = — (wsC83j) — —L 2.44
o1 T Tox; w90 — S (2.44)

where w; is the correlation between the fluctuating velocities in the x;- and

xj-directions, and #;c’ is the correlation between the fluctuating sediment concentra-

tion and velocity in the x;-direction. Physically, —pu;u; represents the momentum
transport due to turbulent motions; it is called the turbulent or Reynolds stress.
—u;c’ is the turbulent sediment flux, representing the sediment transport due to
turbulence.

The set of equations (2.42)—(2.44) is not closed, due to the appearance of high-order
correlation terms. In the next subsections, methods are introduced briefly to close

this equation set on the levels of zero-, one-, and two-equation turbulence models.
A detailed review can be found in Rodi (1993).

2.3.2 Zero-equation turbulence models

Boussinesq’s eddy viscosity concept is widely used to model the turbulent or Reynolds
stresses in Eq. (2.43). This concept assumes that, in analogy to the viscous stresses in
Eq. (2.36), the turbulent stresses are proportional to the mean velocity gradients:

dum; il 2
=v(—+—)—Zks; 2.45
vt (ax,' + 8x,~> 3 v ( )

where vy is the turbulent or eddy viscosity; and k is the turbulent kinetic energy, defined
as k = uu;/2. In contrast to the molecular viscosity v, the eddy viscosity v; is not a
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fluid property but strongly depends on the state of turbulence, perhaps varying largely
in time and space. In most flow regions, the eddy viscosity is much larger than the
molecular viscosity; thus, the latter usually is negligible.
In direct analogy to the turbulent momentum transport, the turbulent sediment flux
is assumed to be proportional to the gradient of sediment concentration:
ac

—uic = ssa—xi (2.46)

where ¢ is the turbulent diffusivity of sediment. &; is often related to the eddy viscosity
by & = v;/o., with o, being the Schmidt number (between 0.5 and 1.0), which is
discussed in detail in Section 3.5.1.

Note that the last term of Eq. (2.45) can be combined with the pressure-gradient
term when Eq. (2.45) is inserted into the momentum equation (2.43). Therefore, the
appearance of k in Eq. (2.45) does not necessitate the determination of it, and the set of
equations (2.42)—(2.44) is closed using relations (2.45) and (2.46). Then the problem
becomes how to determine the eddy viscosity. The eddy viscosity is usually assumed to
be proportional to the velocity scale # and the length scale L,,, of (large-scale) turbulent
motions:

Vvt X ULy, (2.47)

One of the zero-equation turbulence models widely used for the eddy viscosity is
the Prandtl mixing length model, which postulates that the velocity scale # for two-
dimensional shear flows is equal to the mean-velocity gradient times the mixing length,
thus yielding

ou
2
V=l |52

(2.48)

where I, is the mixing length. Commonly used relations are: /,, = xz for boundary
layer flows, and [,,, = kz+/(1 — z/h) for open-channel flows, in which « is the von
Karman constant, z is the distance to the wall boundary or the bed, and # is the
flow depth.

The mixing length model is suitable for flows where turbulence is in local equi-
librium, rather than where the convective and/or diffusive transport of turbulence is
important. Generally, the mixing length model is often used for simple shear-layer
flows where [,,, can be specified empirically. It is rarely used for rapidly varied flows,
such as recirculating flows, in channels with complex geometry, due to difficulties in
specifying [,,.

Another often used zero-equation turbulence model is the parabolic eddy visco-
sity model:

v = 1 Usz (1 - %) (2.49)

where U, is the bed shear velocity.
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Eq. (2.49) may be derived by substituting the log distribution of flow velocity along
the flow depth and the relation I,,, = kz/(1 — z/h) into Eq. (2.48). Therefore, model

(2.49) can be seen as a special case of model (2.48).

2.3.3 One-equation turbulence models

In the often used one-equation turbulence model, the eddy viscosity is determined using
the Kolmogorov-Prandtl expression, which adopts v/ as the velocity scale and reads

v = ¢, VRLy, (2.50)

where ¢, is a coefficient of about 0.084.

Unlike the mixing length model, the one-equation turbulence model uses a trans-
port equation to determine the turbulent energy k and, in turn, the fluctuating
velocity scale. The transport equation of k can be derived in exact form from the
continuity and Navier-Stokes equations. For high Reynolds numbers, this equation

reads

ak 9 9 wu,  p — 3w, o o
Wb — .u/.(” ”) _ag 2 sy

2, Miox, Vo, ax;

The three terms on the right-hand side of Eq. (2.51) represent the diffusion, produc-
tion, and dissipation of k, respectively. To close this equation, the diffusion term is
treated in analogy to Eq. (2.46), and the dissipation term is determined as cpk®/?/L,,,,
thus yielding the modeled % equation:

k 0 3 (v ok k3/2

— 4+ — k)= ——=— |+ P, —cp— 2.52

ot + ax; (iR) Ax; (ak ax,') ok~ ep Ly, ( )
where P, is the production of turbulence by shear, defined as P, = —u;u;aﬁi/axi; op,

is a coefficient of about 1.0; and ¢p is a coefficient, usually set as cp = 0.08/c),.

For the turbulence in a state of local equilibrium, its production is equal to dissipa-
tion, and then Eq. (2.52) can be simplified as v;(9i1/32)> — cpk3/?/L,, = 0 in the case
of shear flows. By using Eqgs. (2.48) and (2.50), the following relation can be derived
(Rodi, 1993):

1/4
L,, T
Cu

Therefore, L,, can be determined using simple empirical formulas similar to those
for the mixing length ,,,.
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2.3.4 Two-equation turbulence models

Linear k-g¢ turbulence models

Because of difficulties in specifying the length scale of turbulence in complex flows, the
one-equation turbulence model described above has limitations. Thus, a differential
equation for the length scale is often added, which in conjunction with the velocity scale
equation constitute a two-equation turbulence model. The widely used two-equation
models include the k-¢ turbulence models, which replace the length scale with the
dissipation rate & = vdu,/dx; - du;/dx; and assume

kz
Vr = cp— (2.54)
&
where ¢, is a coefficient.
The k equation (2.52) is rewritten as
ok 0 d v; Ok
By Ly = 2 () yp— 2.55
at + ax,‘(ul ) ax; (Gk axi> T ( )

An exact ¢ equation can be derived from the continuity and Navier-Stokes equations,
but it includes several terms that have little known physical meanings and have to be
modeled drastically (Rodi, 1971). The final modeled ¢ equation is expressed as

ag+ 9 (s5) 9
% L % e =L
ot x| ax;

v, de ) . Z(Cﬂ Py — core) (2.56)

O¢ E)x,-

where oy, .1, and ¢ are coefficients.

Launder and Spalding (1974) suggested a set of values for the coefficients: ¢, = 0.09,
ce1 =144, ¢c.2 = 1.92, 0, = 1.0, and 0. = 1.3, as listed in Table 2.3. The k-¢ model
using this set of coefficients is often called the standard k-¢ turbulence model.

However, the standard k- model overpredicts the spread rate of axisymmetric jet by
about 30% (Rodi, 1993) and underpredicts the flow reattachment length downstream
of a backward-facing step by 15-20% (Abe et al., 1994). Many modifications of it
have been suggested in the literature. Several examples are given below, and more can
be found in Rodi (1993) and other references.

In the standard k-¢ model, the ¢ equation is modeled drastically and may have
limitations. Chen and Kim (1987) added a second time scale of the production
range of turbulence kinetic energy spectrum and modified the ¢ equation to consider

Table 2.3 Coefficients in linear k-¢ turbulence models

k- Model < Cel Ce Ok [
Standard 0.09 1.44 1.92 1.0 1.3
Non-equilibrium 0.09 1.15+ 0.25P /¢ 1.90 0.8927 I.15

RNG 0.085 1.42 — (1 —n/n0)/ (1 + Bn?) 1.68 0.7179 0.7179




28 Computational River Dynamics

non-equilibrium between turbulence generation and dissipation. The modified k and
¢ equations are still formulated as Egs. (2.55) and (2.56), with a functional form of
the coefficient c.1 as c,1 = 1.15 + 0.25P, /s. The other coefficients are recalibrated
as ¢, = 0.09, ¢.2 = 1.90, o), = 0.8927, and o, = 1.15. The modified model is
called the non-equilibrium k-¢ turbulence model, which has been tested in the case
of recirculating flows with improved performance over the standard version (Shyy
etal., 1997).

Yakhot et al. (1992) rederived the & equation using the renormalized group (RNG)
theory. One new term was introduced to take into account the highly anisotropic fea-
tures of turbulence, usually associated with regions of large shear, and to modify the
viscosity accordingly. This term was claimed to improve the simulation accuracy of
the RNG k-¢ turbulence model for highly strained flows. It can be included in the coef-
ficient ¢z1 by ¢z1 = 1.42—n(1—n/n0)/(1+ Bn?). Here, B = 0.015, n= (2S;S;)/*k/e,
Sij = (9u;/dx; + 0u;/dx;)/2, and no = 4.38. The other coefficients are ¢, = 0.085,
ce2 = 1.68, 0, = 0.7179, and 0, = 0.7179, as listed in Table 2.3.

The standard k-¢ turbulence model is restricted to high-Reynolds-number flows
and is not applicable in the viscous sublayer near a wall. Jones and Launder (1972)
proposed a low-Reynolds-number k-¢ turbulence model, and later many investigators,
e.g., Chien (1982) and Abe et al. (1994), suggested revisions. Usually, a damping
function is introduced in the eddy viscosity equation (2.54) to mimic the direct effect of
molecular viscosity on the shear stress, while two damping functions are multiplied to
the production and destruction terms in the equation (2.56) to increase the magnitude
of ¢ (for additional dissipation) near the wall and to incorporate the low Reynolds
number effect on the decay of isotropic turbulence, respectively. Expressions of these
damping functions and their performance can be found in Srikanth and Majumdar
(1992) and Abe et al. (1994).

All the above k-¢ turbulence models based on the Boussinesq assumption are often
called linear k-¢ turbulence models. In addition to them, another frequently used
two-equation model is the k-w turbulence model established by Wilcox (1993) by
replacing the length scale with the specific dissipation rate w. Because w is related to ¢
by w = ¢/(B*k) with 8* = 0.09, the k-w model is similar to the standard k-¢ model,
with different coefficients. Its details are left to interested readers.

Nonlinear k-¢ turbulence models

The Boussinesq assumption, which adopts an isotropic eddy viscosity concept for all
Reynolds stresses, fails for flows with sudden changes in mean-strain rate or with
“extra” strain rates, e.g., curved flows, because the Reynolds stresses adjust to such
changes at a rate unrelated to the mean flow processes. Lumley (1970), Rodi (1976),
Saffman (1976), Wilcox and Rubesin (1980), and Speziale (1987) derived more general
relations for the Reynolds stresses. For example, the relation of Speziale (1987) reads

Tij 2 2 k3 1
i PAVAVES §k3’7 + 4CDCH87 SikSkj — gsmkskmrsi/

T
+ 4CECM87 Sii — gskk&,’ (2.57)
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where 7;; are the Reynolds stresses, 317 = 08;j/0t+itydS;;/dxp —Sp;014;/dx ) —Sp;04; /30X,
and CD = CE = 1.68.

Rodi (1976) assumed that the transport of turbulent stresses is proportional to the
transport of turbulent energy, thus simplifying the full Reynolds stress equation to an
algebraic expression:

(2.58)

2 (1 —=y)(P; — %Pk&/)
= ok [38” i Pp—(1—cpe

where y and ¢; are coefficients; and Pj; is the stress production, defined as P;; =
—uju), ;[ dxy — u}u;qaui/axk.

Egs. (2.57) and (2.58) include the Boussinesq approximation as leading terms and
need to be coupled with a k-¢ model. Thus, they are often called nonlinear k-¢ tur-
bulence models. Speziale showed model (2.57) yields more accurate predictions for
the Reynolds normal stress in turbulent channel flows and homogenous shear flows
than the standard k-¢ turbulence model. For example, for a unidirectional uniform
duct flow, the standard k-¢ model predicts 7., — 7,, = 0, whereas the nonlinear k-¢
turbulence model yields

B raa\>  [ou\?
S (T I

As a result, the nonlinear k-¢ turbulence model (2.57) is able to simulate the
turbulence-driven secondary flows (Speziale, 1987; Pezzinga, 1994). So is Rodi’s
algebraic stress model (2.58).

2.3.5 Other turbulence models and simulations

A more advanced turbulence model is the Reynolds stress model, in which the trans-
port equations of u;u; are derived in exact form from the continuity and Navier-Stokes

equations and modeled to obtain a closed system (see Rodi, 1993). The large eddy
simulation (LES) and direct numerical simulation (DNS) of turbulent flows have
also advanced recently in CFD. However, the Reynolds stress model, LES, and DNS
have been little tested so far and are not yet in use for practical applications in river
engineering.

2.4 DERIVATION OF I-D AND 2-D FLOW AND SEDIMENT
TRANSPORT EQUATIONS

Because of the limitation of computer capacity, solving a full 3-D model is time-
consuming; this was particularly true several decades ago. Thus, the development of
1-D and 2-D models has been an important task in computational river dynamics
(e.g., de Saint Venant, 1871; Kuipers and Vreugdenhil, 1973). The derivation of
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1-D and 2-D model equations from 3-D model equations via section-, depth-, and
width-integrating (averaging) approaches is introduced in this section.

Before deriving the spatially-integrated models, let us introduce the 3-D flow and
sediment transport equations and the associated boundary conditions at the water
surface, channel bottom, and banks. In the Cartesian coordinate system shown in
Fig. 2.6, the 3-D continuity and momentum equations (2.42) and (2.43) of flow with
low sediment concentration are rewritten as

Juy ~ Ouy = Ouy

a3 2.60
ox + ay 0z ( )
dux 0y Olmyuy) Dty 1 19p 19T
ot 0x ay 3z p * pox p Ox
lafx}' + lafxz (2.61)
pdy p 3z '
duy | Daniny) 3(u3) L) 1 Top 1 0m
ot 0x ay a2 o ” pady p 0x
10ny | 19m (2.62)
p dy p Oz
g Duxz)  OGnyuy)  9p) 1 19p 10T
ot ox ay 0z o pdz  p ox
190y | 197 (2.63)

pay p 0z

where x (= x1) and y (= x2) are the horizontal coordinates; z (= x3) is the vertical
coordinate above a datum; u,, u,, and u, are the components of mean velocity in the
x-, y- and z-directions; Tyy, Txy, ..., and 7., are the stresses (including both molecular
and turbulent effects); and Fy, F,, and F; are the components of the resultant external
force in the x-, y- and z-directions. As gravity is assumed to be the only external force,
Fy =F,=0and F, = —pg.

Note that the bar “-”, denoting time-averaged quantities, is omitted in Eqgs. (2.60)-
(2.63) for simplicity.

For gradually varied (shallow water) flows, the inertia and diffusion effects in the
vertical momentum equation (2.63) are usually neglected, yielding the hydrostatic
pressure equation:

» _

P =g (2.64)
Z

Under the assumption of constant p along the depth, Eq. (2.64) has an analytic
solution:
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Figure 2.6 Configuration of flow and sediment transport.

p=pat+pgzs —2) (2.65)

where z; is the water surface elevation, and p, is the atmospheric pressure at the water
surface. A constant p, is assumed here for a short river reach.

Substituting Eq. (2.65) into Egs. (2.61) and (2.62) yields the x- and y-momentum
equations for gradually varied flows:

duy () N 3 (yty) N ugy) _ 0zs  10Tex | 107y 19174
ot 0x ay a9z ax p 0x p Ay p 02
(2.66)
2
(2.67)

Because the channel bed and banks generally vary in much lower speed than the
flow, the following non-slip condition is applied at these solid boundaries:

Uy = Oy ity = 0,11y, = 0 (2.68)

The water surface is a free moving boundary, the location of which is part of the
solution. For a particle on the free surface, its location (x,y, z) can be described by

T =2s(x,9,1) (2.69)
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and it moves with the free surface, i.e.,

dx dy dz
E = Upys E = uhy’ E = Up, (270)

where u,,, uj,,, and u,, are the components of flow velocity at the water surface in
the x-, y- and z-directions. Thus, differentiating Eq. (2.69) with respect to ¢ leads to
the following kinematic condition of free surface:

s | 0% 1y, 0%

— — = 2.71
oy b - Tty 3y Upy, (2.71)

The three-dimensional sediment transport equation (2.44) closed using Eq. (2.46)
1s rewritten as

dc  d(uyc d(uyc d(uyc d(wsc d dc d ac
7+(x)+(y)+(z)_ (ws):7 gl ) 4 L (e,
ot ox ay a2 0z ox ax ay ay

d dc
— — 2.72
a2 (85 8z> (2.72)

In general, Eq. (2.72) is approximately applicable to all sediment loads (if fine
enough) in the entire water column. However, because bed load and suspended load
behave differently, the water column is often divided into two zones: a bed-load zone
from the bed elevation z; to z;, + & and a suspended-load zone from z;, + § to zs,
as shown in Fig. 2.6. Here, § is the thickness of the bed-load zone, which is usually
assumed to be about twice the sediment diameter (Einstein, 1950) or half the bed-form
height.

The net vertical sediment flux across the water surface should be zero and, thus, the
suspended-load boundary condition at the water surface is

(8586 + wsc> =0 (2.73)
92 =2

There are usually two approaches to specify the suspended-load boundary condition
at the interface between the suspended-load and bed-load zones. One approach is to
assume the near-bed suspended-load concentration to be at equilibrium:

Cle=2,4+8 = Chx (2.74)

where ¢y, is the equilibrium (capacity) sediment concentration at the interface.
The other approach is to assume that the near-bed sediment entrainment flux is at
the capacity of flow picking up sediment under the considered flow conditions and
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bed sediment configurations:

d
Ejp = —& o€ — (2.75)

02 =z 45

where E;, is the entrainment flux of sediment at the interface. Correspondingly, the
deposition flux at the interface is defined as D, = wscy, in which ¢, is the suspended-
load concentration at the interface between the suspended-load and bed-load zones.
Note that E, and Dy, are defined per unit area of horizontal plane rather than bed
surface; the bed surface may be curved, whereas E; and Dj, are along the vertical
direction.

Egs. (2.74) and (2.75) are often called “concentration” and “gradient” boundary
conditions, respectively. Eq. (2.74) is applicable for equilibrium sediment transport at
the interface, while Eq. (2.75) is applicable for both equilibrium and non-equilibrium
sediment transports. In particular, for equilibrium transport, D, = E; and Eq. (2.75)
becomes Eq. (2.74). Therefore, Eq. (2.75) is more general than Eq. (2.74). More
discussions about the near-bed suspended-load boundary condition are given in
Sections 2.5.2 and 7.3.1.

2.4.1 Depth-averaged 2-D model equations

Depth-averaged hydrodynamic equations

The depth-averaged quantity @ of a three-dimensional variable ¢ is defined by

1 (%
_ h[% & dz (2.76)

Integrating the continuity equation (2.60) over the flow depth yields

Zs a Zs 8 Zs a
/ O 4y + / Mz + / M e — 0 (2.77)
w 0% » 9V w 02

h

which is reformulated using the Leibniz integral rule as

a [* 025 gy 025 0z
I . uxdz — th? +u hx? + 7/ ”ydz Upy—— 3y + upy—— dy
+up, —up, =0 (2.78)

Substituting boundary conditions (2.68) and (2.71) into Eq. (2.78) leads to the
depth-integrated 2-D continuity equation:

— + Uy a(hUy) =0 (2.79)
ot ox ay

where Uy and U, are the depth-averaged quantities of local velocities u, and u,, defined
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by Eq. (2.76). Note that 8h/9¢ in Eq. (2.79) may be replaced by dzs/9¢, because the
bed change is omitted.
Integrating the x-momentum equation (2.66) over the flow depth yields

/% Otz 1o /Z 3(u2) et /z Onyus) o /z Datits) |
. Ot w  0X @ dy P 0z

b b b b

% g 1 %9 1 (%9 1 (%0
=g [ der [ [TT0ars o [M B 250
2 0X P Jy Ox pJy 0y pJy, 0z

and then applying the Leibniz rule to this equation yields

ad % 025 dzp, 0 B, 5 02 5 03y
at(/ ”"dz)_”’”at+””xat+ax f wedlz | = o

b b

;2 / " wyind % | % |
— UyUAZ | — U UL — Upy ULy — up,u — Uup,u
dy ” ylUx hyUhx dy byHbx 3y hz%hx bz¥"bx

0z 190 Zs 1 0z 1 az
= _ghis + = / Texdz | — *Txx,sis + *":xx,bi;7
ox  pox \Jy o ox p 0x

19 ([ 1 9z 1 oy 1
-2 dz) = 10 S p 2 2 L D — 2.81
oy (/z, o z) p sy T Tt (s = D) (2:81)

Substituting boundary conditions (2.68) and (2.71) into Eq. (2.81) results in the
depth-integrated x-momentum equation:

d(hUy)  3(hUEH  9(hUyUy) 0z | 10[h(Tex + Dix)]
ot T ax T oy —ghst s ox
13[h(Tyy + D)l 1

+ —(Tsx — Tpy)
P dy P
(2.82)

where Ty, and Ty, are the depth-averaged normal and shear stresses; Dy, and Dy
account for the dispersion momentum transports due to the vertical non-uniformity of
velocity, defined as Dyy = —7 zz; (x — Uy)*dzand Dy, = —£ Zz; (y — Uy)(uy — Uy)
dz; Tsx is the x-component of shear force per unit horizontal area, usually due to
wind driving at the water surface, defined as Tox = Tuzs — Tax s025/0X — Tay,s025/0Y;5
and 1p, is the x-component of bed shear force per unit horizontal area, defined as
Thx = Txg,b — Tax,bh 03/ 0X — Ty, 1,023,/ dy. Note that 1, may be written as 7, = 71, Tpy,
in which 7, is the x-component of bed shear force per unit bed surface area, and 11,
is the bed slope coefficient defined as 12, = [1 + (9z,/9x)* + (3zp/0y)*1"/2.
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Similarly, integrating Eq. (2.67) over the flow depth leads to the depth-integrated
y-momentum equation:

2
a(hUy) N a(hU,Uy) N d(hUy) _ —gh% N 10[h(Tyx + Dyx)]
at ax ay ay p ax
10[h(Tyy+ Dyy)] 1
- —2 P (1y — 1)
P dy p

(2.83)

where Ty, and T, are the depth-averaged shear and normal stresses; D, and D,
account for the dispersion momentum transports due to the vertical non-uniformity of
velocity, defined as Dyx = Dy, and Dy, = —% f;b (ny — Uy)zdz; Ty is the y-component
of wind shear force per unit horizontal area at the water surface; and 1, is the y-
component of bed shear force per unit horizontal area.

The depth-averaged stresses Tjj(i,j = x,y) can be related to the gradients of the
depth-averaged velocities by the Bossinesq assumption similar to Eq. (2.45) in a tur-
bulence model, such as the depth-averaged k-¢ turbulence model proposed by Rastogi
and Rodi (1978). However, there is not a general method to handle the dispersion
terms Dj;. Dj; are not related to turbulence, but both D;; and Tj; represent momentum
transports as effective stresses. In nearly straight channels, the dispersion transports
are usually combined with the turbulent stresses. In curved channels, secondary flows,
especially the helical flow, play an important role in fluvial processes, and thus the
dispersion transports become important and should be taken into account through
additional model closures. This is discussed in Section 6.3.

Depth-averaged sediment transport equations

Unlike the depth-averaged quantities defined by Eq. (2.76), the depth-averaged
suspended-load concentration, C, is defined by

1 s
C= 7/ uscdz 2.84
(h—8Us Jpyrs (2.84)

where Us is the streamwise depth-averaged velocity, and u; is the local flow velocity

projected to the streamwise direction. By definition, Us = f;; 45 usdz/(h — 68), but U

is approximately set as the resultant depth-averaged velocity U = /U2 + UJ% at each

horizontal point.
Integrating the three-dimensional sediment transport equation (2.72) over the
suspended-load zone leads to

/ZS %dz—l—/zs B(ch)dz+/‘zs a(uyc)dz+[zs 8(uzc)dz_/z5 a(a)gc)dz
2p+s ot 2p+d ox 2pt+o 3y pt+0 0z 2p+o 0z

s 0 dc Zs ad dc s 9 dc
= —e,— ) | dz +/ [— (ss—>] dz +/ [— (85—)] dz 2.85
£b+5 |:ax ( ax)] 2p+8 3}/ ay zp+o 9z 0z ( )
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By applying the Leibniz integral rule and boundary conditions (2.68), (2.71), (2.73),
and (2.75) to Eq. (2.85) and assuming that the bed-load zone is very thin, i.e., § < b,
the depth-integrated suspended-load transport equation is obtained:

k) <hc> d(hU,C) N a(hU,C)

at \ Bs dx dy
0 aC 0 aC
=—|h|es— + Dy — | h | es— + Dq E, — D 2.86
ax[(‘gaﬁ )]+8y[<gay+ y)]+b b (286)

where f; is a correction factor for suspended load:

s Zs
Bs :/ uscdz/(Us/ cdz) (2.87)
2+ 2p+6

Note that the coefficient B¢ in Eq. (2.86) should not be zero; otherwise, no suspended
load moves. s should also appear in the diffusion terms in Eq. (2.86), but it is lumped
into the diffusivity ¢ for simplicity. However, if the depth-averaged sediment con-
centration C is defined using Eq. (2.76) rather than (2.84), B; should appear in the
convection terms rather than the storage term, i.e.,

3(Bsh
B(hC)+3(ﬂshUxC)+ (BshU, C)

at ax ay
0 aC 0 aC

= —|h|es— + Dy — | h | es— + Dq E, — D 2.88
ax[(sax+ )]+ay[(8ay+ y)]+b b (2.88)

It should be clarified that defining the depth-averaged suspended-load concentration
C by Eq. (2.76) results in the unit suspended-load discharge g = B;UbhC, while the
definition (2.84) yields gs = UbC. If mass balance is respected, either definition can
be used. The definition (2.84) is adopted in this book, except where stated otherwise.

The coefficient Bs is actually the ratio of the depth-averaged sediment and flow
velocities and accounts for the temporal lag between flow and suspended-load trans-
port in the depth-averaged 2-D model. As demonstrated later, s also appears in the
1-D model. However, this lag due to difference between the depth-averaged flow and
sediment velocities can be automatically taken into account in the 3-D (or vertical
2-D) model, which directly uses the local flow velocity and sediment concentration as
dependent variables. The evaluation of B is discussed in Section 3.8.

Dgy and Dy, in Eq. (2.86) are called dispersion sediment fluxes, which account for
the dispersion effect due to the non-uniform distributions of flow velocity and sediment
concentration over the flow depth, defined as D, = —% zz; (ux — Uy)(c — C)dz and

Dy = —% ZZ; (ty — Uy)(c — C)dz. In nearly straight channels, the dispersion fluxes
may be combined with the (turbulent) diffusion fluxes, with & replaced by a mixing
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coefficient to represent the diffusion and dispersion effects together. In curved chan-
nels, the dispersion fluxes become important and need to be modeled, as discussed in
Section 6.3.

Integrating the three-dimensional sediment transport equation (2.72) over the bed-
load zone leads to the bed-load mass balance equation:

9zp  0(8cs)  Aopeqp)  9(byqp)
1-p )% -
(1= bm) ot + ot + dx + dy

D, — E, (2.89)

where p),, is the porosity of bed material at the bed surface, c; is the average volumetric
concentration of sediment at the bed-load zone, gy, is the bed-load transport rate by
volume per unit time and width (m?s~1), and «y, and apy are the direction cosines of
bed-load movement. The bed load is usually assumed to move along the direction
of bed shear stress but may be affected by secondary flows in curved channels and
gravity in channels with steep bed and bank slopes.

The first term on the left-hand side of Eq. (2.89) represents the bed change, which
results from the exchange between moving sediment and bed material. The second term
accounts for the storage effect. In general, the average bed-load concentration c;s is
related to the bed-load transport rate g, and velocity uy, by cs = q;,/(8up,), thus yielding

up

0z, 0 (qp d(opeqp)  9(pyqp)
1-p )%t 2 _
(=t ot + at ( ) dx + dy

D, — E, (2.90)
Because the bed-load velocity u, is usually slower than the flow velocity, Eq. (2.90)
accounts for the temporal lag between flow and bed-load transport.
Summing Eqgs. (2.86) and (2.90) leads to the overall sediment balance equation:

a3p 0 (hct) 0qx 3(]7ty

1—p &b & (7
(=P 8t+8t Bs 0x dy

-0 (2.91)

where C; is the depth-averaged concentration of total load; gs and g, are the total-
load fluxes: g = apeqp + hUxC — £shdC/9x — hDsy and g1y = apyqp, + hU,C —
eshdC/dy — bDyy; and B; is a correction factor for total load, related to s and u;, by

hC; 1
= = 2.92
hC/Bs + qp/up 7s/Bs + (1 —rs)U/uy ( )

Bt

where 7; is the ratio of suspended load to total load.

2.4.2 Width-averaged 2-D model equations

Fig. 2.7 shows the configuration of a cross-section. The width-averaged quantity & of
a three-dimensional variable ¢ is defined by

~ 1 [P
d=_ ody (2.93)
b Jy,
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Figure 2.7 Configuration of cross-section.

where b1 and b are the y-coordinate values of two banks; and b = by — by, i.e.,
the flow width at height z. Note that x and y are herein set along the longitudinal
and transverse directions of the channel, respectively, for deriving the width-averaged
2-D and 1-D model equations. However, this arrangement is not necessary in the
depth-averaged 2-D and 3-D models.

Integrating the three-dimensional continuity equation (2.60) along the y-coordinate
axis over the flow width yields

[72 a [72 a bz a
/ 9 gy +/ % gy +/ My =0 (2.94)
b, 0x b, 0y b, 0%

and applying the Leibniz integral rule and the non-slip boundary condition at banks
to this equation yields the width-integrated continuity equation of flow:

d(bUy) N AU,
0x 9z

0 (2.95)

where Uy and U, are the width-averaged velocities in the x- and z-directions, defined
by Eq. (2.93).

In a similar manner, integrating the x- and z-momentum equations (2.61) and (2.63)
over the flow width leads to the width-integrated momentum equations:

abUy)  abU?»  abU,U, 1,09 13[b(Tex + Dsx
®Uy , 06Ty | 30000 _ 1, 0p  100b(Tex + D)l

b
Jt ax a2 p Ix p 0x
10[b(Txz + D 1
+ ,M — (M1 Tl + 112T2)
p 0z o

(2.96)
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26Uy | 80Ty 00U _ PR VL 1 9[b(Tex + Da)]
ot ox 0z p 9z p ox
19[b(T,, + D 1
)

P 0z p
(2.97)
where p and iy(i, j = x,z) are the width-averaged pressure and stresses, respec-
tively; D;; are the dispersion momentum transports due to the lateral non-uniformity
of flow velocity, defined as Dyy = —7 bblz (uy — Uy)?dy, Dyy = Dy = —7 fbhlz

(uy — f]x)(uz — LN]Z)dy, and ISZZ = —% bblz (uy — ﬁz)zdy; 7, and 1,(/ = 1,2) are the
shear stresses in the x- and z-directions on the two bank surfaces; and m; are the bank
slope coefficients, defined as 72; = [1 + (3b;/3x)* + (8b;/92)*1"/>.

For gradually varied flows, the effects of inertia, diffusion, and dispersion in the
vertical momentum equation (2.97) can be neglected, yielding the hydrostatic pressure
equation (2.65). The x-momentum equation (2.96) is then turned to

260y | 26T | 36TTy) _ L 3[b(Tyx + Dix)]
ot 0x 0z ax p ox
13[b(Ty; + D 1
I
p 0z p

(2.98)

where Z; is the laterally-averaged water surface elevation.
Integrating Eq. (2.72) over the flow width leads to the width-integrated suspended-
load transport equation:

abC) abULC) abU,C)  dbwC)
+ + -
ot 0x 0z 02

i) € ~ ) 3C  ~

where C is the width-averaged concentration of suspended load; Dy and Dy, are
the dispersion fluxes, defined as Dg, = —% bblz (ux — Uy)(c — C)dy and D, = —%

bblz (uy — (NJz)(c - E)dy; and S, includes the sediment exchange at banks and the side
discharge from tributaries.
The bed-load zone is so thin that it is not necessary to consider the vertical variation
of sediment concentration in this zone. The width-integrated bed-load transport is
determined using the 1-D transport equation introduced in the next subsection.
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2.4.3 Section-averaged |-D model equations

The cross-section-averaged quantity ® of a three-dimensional variable ¢ is defined by

S ([ panzt [* [ gava
d=1 A:—/ 2 2.100
i ffoaa=5 [ [ oa (2.100)

where A is the flow area in the cross-section, as shown in Fig. 2.7.
Integrating the 3-D continuity equation (2.60) over the cross-section leads to

% by g . rbog = rb g
/ / ”"dydz+/ / ﬂdyder/ / M hydz =0 (2.101)
2 Jby ox 2 Jby dy 2 Jby 92

which is reformulated to the following 1-D continuity equation by applying the Leibniz
rule, the non-slip condition (2.68) at the channel bed and banks, and the kinematic
condition (2.71) at the water surface:

DA | A(AT)

8t+ ax

0 (2.102)

where U is the flow velocity averaged over the cross-section, defined by Eq. (2.100).
Integrating the 3-D momentum equation (2.66) over the cross-section yields the 1-D
momentum equation:

AU AU?
a( U)+8( U _

40% | 10T + Dol | 1
at 0x ox p ax

+ ;(B'Esx - bex)
(2.103)

where ;[:xx is the normal stress averaged over the cross-section, ﬁxx is the dispersion
momentum transport, B is the channel width at the water surface, x is the wetted
perimeter, Ty is the wind driving force per unit horizontal area at the water surface,
and 7, is the shear force per unit area of bed and bank surfaces.

The turbulent stress term in Eq. (2.103) is usually ignored, because it is much weaker
than the convection term. The dispersion term is often combined with the convection
term by introducing a correction factor. In inland rivers, the wind driving force usually
is negligible. Therefore, the resulting 1-D momentum equation is

3AU)  (BAU? 9z, 1
AY) L 3PAVD) _ _p %% _Los. (2.104)
at ax aix p

where 8 is the correction factor for momentum, defined as 8 = I Ausz / (Aﬁz), with
u being the streamwise flow velocity in the 3-D model.
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The average suspended-load concentration, C, at the cross-section is defined as

~ 1
= —A// ucdA (2.1085)
AU J Ja,

where ¢ is the local suspended-load concentration, and A; is the flow area in the
suspended-load zone, as shown in Fig. 2.7. It is often assumed that A; ~ A. Integrating
Eq. (2.72) over the suspended-load zone leads to the 1-D suspended-load transport
equation:

3 (AC 3 Kkl 3C
2 (ﬂ) (AT = (Ass - )+B<Eb—Db> (2.106)

where Ej, and Dy, are the width-averaged sediment entrainment and deposition fluxes at
the interface between the suspended-load and bed-load zones, and f; is the correction
factor for suspended load:

ps = //A uch/ (ﬁ//; ch) (2.107)

Note that no dispersion term appears in Eq. (2.106), due to the definition of Cin
Eq (2.105). However, if C is defined by Eq. (2.100), a dispersion term should appear
in Eq. (2.106). Normally, the diffusion term in Eq. (2.106) is ignored, yielding

= B(E, — Dy) (2.108)

Kl AC +a(Aﬁ€)
/§S ax

Integrating Eq. (2.72) over the bed-load zone yields the 1-D bed-load mass balance
equation:

a )% N a(zﬁ\aatCs) N @ = B(D, — Ey) (2.109)

where dA, /0t is the rate of change in bed area; A, is the cross-sectional area of the
bed above a reference datum, as shown in Fig. 2.7; As is the cross-sectional area of
the bed-load zone; Qy, is the bed-load transport rate at the cross-section; and Cj is the
laterally-averaged bed-load concentration.

In analogy to Eq. (2.90), by using Cs = Qp/(AsUp), Eq. (2.109) can be rewritten as

a—pp 0 L (20) 4 2 _ gD, -y (2.110)

dAy, (Qb) 00y
Jat ot

where Uy, is the laterally-averaged velocity of bed load.
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Summing Egs. (2.108) and (2.110) leads to the 1-D mass balance equation of
total load:

(2.111)

a-ppies? (AF‘) § 280G
t At \ B 0x
Where C, is the  total-load concentration averaged over the cross-section, defined as
= (Qp + As UC)/(AU), and B; is a correction factor for total load, related to Bs
and U, by Br = AC,/(AC/Bs + Qp/Up) = 1/[rs/Bs + (1 — 1)U U, Wl’llCh is similar
to Eq. (2.92).

2.4.4 Effects of sediment transport and bed change
on flow

Recall that the aforementioned 1-D, 2-D, and 3-D hydrodynamic equations ignore
the effects of flow density and bed change by assuming that the sediment con-
centration is low and that the bed varies much more slowly than the flow. This
assumption is not valid for high shear flows with strong sediment transport. In
addition, the flow density varies with salinity, temperature, and other factors.
In general, the 3-D hydrodynamic equations with a variable flow density p are
Eqgs. (2.25) and (2.26), which are rewritten in the Cartesian coordinate system shown
in Fig. 2.6 as

p 0 3 9

% (pux) (puy) n (puz) _0 (2.112)
ot ox ay 0z

O(pux)  Opuy)  dpuytts)  dpusits) 3 0%  OTxy 0T

at 9x dy dz 7 dx  ox dy 0z
(2.113)

Dpmy) | dpmemny) | d(puz) Loy o dp | Bn | dry By

at ax dy az Yy dx 3y | oz
(2.114)

Apus) | dpusuz)  dpuyns) 0puz) _ o 0p , 9t | 0Ty | 07

at ax dy 3z  ° dz | oax 3y | 0z
(2.115)

Like Eq. (2.63), the z-momentum equation (2.115) can be simplified to the hydro-
static pressure equation (2.64) for gradually varied (shallow water) flows. When
the flow density is variable in the vertical direction, Eq. (2.64) has the following
solution:

Zs
p=pa+f 0gdz (2.116)
Z



Mathematical description of flow and sediment transport 43

Substituting Eq. (2.116) into Egs. (2.113) and (2.114) and assuming a constant p,
yields

Wpuy) | d(puz) | dpuyiy)  0(puzity) 9z / dp
= —pog == — L4
ot " ax T ay T a2 M8ax 8] ™
0Txx  O0Txy 0Ty (2.117)
ax ay a
2
d(puy)  d(puxuy)  9(puy)  d(puyuy) 92 /ZS ap
= —pog == — L
ot T ax oy T oz PGy T8 3y ®
0Tyx 0Ty 0Ty (2.118)

where pg is the flow density at the water surface.
Integrating Eqgs. (2.112), (2.117), and (2.118) over the flow depth leads to the
depth-integrated 2-D flow equations:

3(ph) +8(phUx) +8(phUy) L+, 0

= 2.11
ot ox oy TP =0 (2.119)
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ay

where py, is the density of the water-sediment mixture in the bed surface layer, deter-
mined by p, = prp;, + ps(1 = p;,), with p;,, being the porosity of the surface-layer bed
material. Note that in the derivation of Egs. (2.119)—(2.121), it is assumed that the
flow density is constant along the flow depth but varies